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m-Particle Correlations in the
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This work extends the comparison between exact and approximate solutions of
the McKean model to finite particle numbers. We derive the coupled linear
equations of motion for the m-body densities (BBGKY hierarchy) and the
corresponding nonlinear equations for the m-body correlation functions. We
calculate the stable fixed points and the subspace admitting a probabilistic inter-
pretation for both descriptions of the model. Neglecting higher correlations with
m>n, we obtain approximate solutions, which are compared to the exact one.
In this way various truncation effects can be studied, such as the appearance of
saddle points and unphysical trajectories. Finally, we linearize the truncated
equations for the correlations about the stable fixed point, and calculate the
relaxation times up to O(N™').
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1. INTRODUCTION

A many-body system can be described by the N-body probability distribu-
tion function f which evolves in time according to the Liouville equation.
By taking traces with respect to N—m (1 <m< N) particles, these equa-
tions can be transformed into the BBGKY hierarchy of coupled equations
which couple the m-body reduced distribution functions f,, to f,,, ;. In the
general case this hierarchy cannot be solved exactly, and some approxima-
tions must be made. By a cluster expansion of the distribution functions
into one-particle distributions and correlations g,,, a new hierarchy for the
{/f1, gm|2<m< N} is obtained that can be truncated by either neglecting
or modeling of higher correlations g, (m > n). Thus, the mean field theories
are obtained by disregarding all correlations, while the Boltzmann collision
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integral is a model for g,. On the next level one obtains equations of
motion for g, in the polarization approximation g;=0 and g,<f, -/,
which describe the time evolution of the two-particle correlations for weak
coupling.! In the strong coupling, time-independent case the Kirkwood
approximation for g, has been used to derive the hypernetted-chain (HNC)
and related integral equations for the static two-particle correlations.?

Clearly any approximation schemes must not violate basic physical
principles such as the conservation laws® and the trace relations for the
reduced distribution functions.” Here we want to address two problems
which may arise during the time evolution of a system. First, in the deriva-
tion of kinetic equations the Bogoliubov assumption is usually invoked,
ie., truncations are justified by assuming that any initial correlations are
quickly attenuated.  Second, approximate evolution equations do not
necessarily guarantee that the system remains for all times in the subspace
where a probabilistic interpretation is possible. Because of the H-theorem,
this cannot happen on the level of the Boltzmann equation for f,, but there
seems to be no a priori reason why such an unphysical behavior could not
occur if the truncation is made on a deeper level. This can in fact be
explicitly demonstrated for the first two equations of the BBGKY
hierarchy.

Here we do not give a general answer to these questions. Instead we
want to use the McKean model”® as a test case. It has been shown
previously that this model is in fact exactly solvable for N — c0.) In the
present paper we want to employ the McKean model with finite N in order
to study the Bogoliubov assumption and possible violations of the
probabilistic interpretation during the time evolution.

The paper is organized as follows. As a motivation for our work we
critically discuss in Section 2 a derivation of an H-theorem for nonideal
gases.!) We derive an expression for the time evolution of the entropy and
show in particular that the trace relations must be applied before taking the
thermodynamic limit in order to obtain physically reasonable results. In
the subsequent discussion of the McKean model we use the same kind of
argument in a different direction: We use an extended H-theorem for the
McKean” model in order to identify the physically allowed subspace
admitting a probabilistic interpretation during the entire time evolution of
the system. For that purpose we introduce in Sections 3 and 4 the McKean
model and deduce the BBGKY hierarchy in closed form as well as the
explicit first equations of the hierarchy for the correlation functions. It is
advantageous to discuss both treatments in parallel. We determine the
equilibrium subspace and the physically (p-) allowed region admitting a
probabilistic interpretation in Sections 5 and 6. Next we show in Section 7
that truncation leads to unphysical trajectories. In contrast to the case of
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an infinite number of particles, N — o0, these problems cannot be overcome
by regarding only trajectories starting in the p-allowed region.® A further
restriction on the admissible states of the system is needed. For this
purpose we consider in Section 8 the sign of the entropy production.
Finally, in Section 9, we linearize the equations for the correlations about
the stable fixed point and obtain closed formulas for the eigenvalues up to
order 1/N. It turns out that the higher correlations contain slowly relaxing
components with amplitude O(1/N).

2. CORRELATIONS, TRACE RELATIONS, THERMODYNAMIC
LIMIT, AND ENTROPY IN THE CLASSICAL KINETIC THEORY

We want to study the time evolution of the entropy in the classical
kinetic theory, taking the two-particle correlations into account. The
Liouville equation for the classical N-particle probability density
Sn(xqsms X, t) with the phase space coordinates x,= (r,, p;), i=1,.., N, is
given by

(2.1)

or = \or, op, op, er.

I _@E.@f,\, oH afN>
- \dr, dp; Op; Or,

where H is the Hamilton function involving the central two-body inter-
action ¢,. We normalize according to

[ de, ooy fulrs 0, )= 1 (22)

and introduce reduced m-particle distribution functions by

Sl X V=V [ fil 1 Xy ) oty (23)

where V' is the volume of the system. Integrating with respect to N—m
variables, one obtains for m =1, 2 the first two equations of the BBGKY
hierarchy, ")

oy N-—110¢y, of,
oV j@rl op, 2 (24)
and
o .0 0 0 0 5¢12.5>
<6t+v16r1+v28r2 or, Op, Jr, 0p, /2
N—=2¢70¢;5 0 0Oy 5)
- 2 2\ fid 2.5

% f(@rl o0, T r, opa) (2
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Here v= p/m is the velocity of the particles and it has been assumed that
the system is translation invariant. In anticipation of later problems, we do
not take the thermodynamic limit at this stage. We use now the cluster
expansions

Salxis )= filxy) fi(xz) + g2(x1, X3)
F3(xs, x2, x3) = f1(x1) f1(x2) f10x3) + f1(x1) g2(x2, X3) (2.6)
+ f1(x2) ga(x 1, x3) + f1(x3) g2x1, x5) + g3(x1, X5, X3)

with the correlation functions g,,(x,,..., x,,,). These fulfill the trace relations

fgm(xl,..., x,)dx;=0, Yi=1l,.m (2.7)

because of the definition (2.3) of the reduced distribution functions.
Insertion of the cluster expansions (2.6) into Eqs. (2.4) and (2.5), dropping
the three-particle correlations, and using the translational invariance yields

afl_N“l a4’512.382
a v f ory 6p1dx2 (28)
and
o 8 o b, 8 Odp a)
(a:“l o TV o, apn o, apy)
N-29
= N_13 (f1(xy) fi(x2)) (2.9)

The entropy density of the system is given by

/2
“Fih

i\f_j 1 N(N

S= —ky fiIn f, dxl—sz )J 7> In dx,dx, (2.10)

where the second term accounts for pairwise correlations.!) Taking the
derivative with respect to time and using Egs. (2.4) and (2.5), one obtains
a8 _ s, N a8,
ot ot
NN-1) 5f 21 L2
v’ “hh

of 1
—ky sz llnfldxl—ika dx,dx, (2.11)
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In the correlation term 08,/0¢ we subtract a multiple of an integral which
is zero to the order considered. For that purpose we follow ref. 1 and
multiply the modified Eq. (2.8),

of1(xy) f1(xy)

ot
N-—1 0¢13 0ga(xy, x3)

=7<f1( z)J Td x5+ fi(x1)

0¢3 agz(xzaxs)
with

1 ip

-EkB < In f, fi+ v f1f1> dx, dx, {2.13)

integrate with respect to x,; and x,, and drop the third-order terms on the
right-hand side. This yields

of 1 af1f1 /2
kg sz In f, dx, — V3j 3in 2 dn dy
N(N—1) ;3¢5 8g,(x}, x»)
= —ky =3 jarf- Ty Ak dvydv, - (214)

Because of Eq. (2.8), one has then

1 of o] / 1 f 2
dx, dx,=0 2.15)
T (
and the correlation term of the entropy can be written as
&%y, Lo
dx, dx
J fl fl ' ?

= Jo (=g A ) o gy v,

~[e(h-ymphs)fanssiana, @)

The first term on the right-hand side is zero; this follows by applying
Gauss’ theorem to Eq. (2.9). The remaining term is evaluated with the help

822/57/1-2-18
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of Eq.(2.3). The correlation contribution to the time evolution of the
entropy is then

08, 1, N(N-—-1) 5fz /i
=k In = f; dx, dx,
1. N(N-1) 6f1

= (2.17)

which cancels the first-order contribution. The result 6S,/0f = 0 in Section 14
of ref. 1 is obtained by taking the thermodynamic limit in the second term
on the right hand side of Eq. (2.16) in an incorrect manner,

lim [0 (fz f1f1>/6tlnf1f1dx1dx2

N> o
. 4 N-2
# [ 1im a(fz———flfl)/azlnfl.fl dx, d;
N— o N‘—l

- J%%Zlnflfl dx, dx, =0 (2.18)

Here the last equality sign follows from the trace relation (2.7). One may
therefore not drop the three-particle terms altogether in order to study the
time evolution of the entropy S=S,+ S, of Eq. (2.10). While Boltzmann’s
H-theorem 0S,/0t >0 can be obtained by modeling g, with the help of
Bogoliubov’s assumption of complete weakening of initial correlations, !
one also needs now models on the deeper level for g, (or f3). This may lead
to problems with the probability interpretation of the theory if the resulting
equations of motion for f; and f, become incompatible because of a viola-
tion of the trace relations (2.3) as occurs, for example, in the Kirkwood
superposition assumption

Fa(x1s %) falxy, x3) foxa, X3)
Sfi(x1) fi(x2) fi(x3)

Salxy, X2, x3) = (2.19)

In the following we will pursue such questions in a somewhat different
direction. We investigate the McKean model, which is, in contrast to
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kinetic theory, not time-reversal invariant on the microscopic level. The
physically allowed regions for the time evolution of correlation functions
will then be studied with the help of an extended H-theorem.!”

3. THE MCKEAN MODEL
We consider a system of N particles, i=1,.., N, where each particle

can occupy two states, e,= +1 or (1, |). After an interaction, two particles
i, j will be found in states e, e* according to

* __ * __

ef=e; e¥=e.e;
{ . } or { . "} (3.1)
ey =e¢; € =¢

or, more explicitly,

1, +1
—1+1
+1, -1

-1, -1

Y N N ¥ N N
|
+

both possibilities having the probability 1/2.
This scattering law is not time-reversal invariant. We describe the
system by distribution functions that are symmetric in their arguments,
Fal€iss €15 €y €, 1)

= fal€irnss €y €rpey €5y 1) (3.2)

and are normalized according to

Z fN(el>"'9 eN’ t) - 1 (33)

e;j= +1
I1<iN

Similarly, we can define reduced m-particle distribution functions by

Tmlrssepn )= fyleg,uen, 1) (3.4)

ei= +1
m<is<N
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A kinetic equation for the N-particle distribution function is simply given
by the difference of distributions before and after the interaction assuming

a transition rate 2/N,
0
— fvlerss st
5 ilerss ey 1)

= z [fN(elv-"a €iyens €€1500y €y I)

1Ki<jsN

+ I (€1 ses €165y €5y €y, 1) = 2f (€1 5oy €y, 1) ] (3.5)

As a consequence of the interaction law (3.1), a distribution function with
all its arguments in state +1 is a constant of motion. We will show in
Section 3 that this will lead to a continuum of equilibrium states. Since the
distribution functions are symmetric in their variables, they differ only in
the number of particles that are in state +1. Therefore we use, wherever
possible, another notation:

f., means that all m arguments have the value +1
fm(kl) means that exactly £ arguments have the value —1

We obtain a hierarchy of evolution equations for the reduced distribution
functions f,, by summing (3.5) over ¢, | to ey. This yields

0,
Y e ey)
L 5/ Me N
m<i<N
0
= '&fm(ela 5 em)
1 Y LSl )
=— (€150 €y €€ 15y €1
Ni<jsm ' g
F fonl€150es €1€)50ns €150y €1) — 2f p(€150s €]
N—m
+T Z z [fm+l(ela"'5 €5y eiem+l)

emy1= 1 is<m

+fm+ l(€i7"'7 €i€mi1ses €Emy 1) - 2fm+l(ela“" €m+ 1)] (36)

It is sufficient to study the evolution of the distributions f,, with all
arguments having the value +1, because the distributions with arbitrary
arguments can be obtained with the help of Eqgs. (3.3) and (3.4). This yields
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0 m?
S n= (5= = Yo = iD= f 201

(%) S = Yr) tEmEN ()

These equations represent the BBGKY hierarchy of the McKean model. It
is a system of coupled linear differential equations with constant coef-
ficients. The solution can be obtained with the ansatz f,, ocexp 4,,t.
Obviously 4,=0 and our calculations will show that all A, _, are
negative. The system will therefore always reach equilibrium.

4. EQUATIONS OF MOTION FOR THE CORRELATIONS

We derive equations for the correlations by making use of the cluster
expansion.®?) In the present case, where all arguments e, have been set
equal to + 1, we cannot distinguish, for example, between the two-particle

correlations g,(e;, ¢,) and g,(e,, e;). This leads to the appearance of com-
binatorial coefficients in the expansion. The first three expansions are

fzsz"f”gz
fi=f1+31g:+¢; (4.1)
fa=f1+6f 1 +4f18:+ 84+ 85

Substitution into the BBGKY hierarchy (3.7) yields the equations of
motion for the correlations g,,, the first five of which are

6.f; = (——1>(3f1 _ 222 (42)
1
0 82— (6~ 43— 2, ~ 20, g2+ 12— 8) — 64+ g + 88, (43)

1

@,g3=—ﬁ(36f1g2+27g3 36f1g2 48f1g3*18g4—6g2—48g§)
+12f, 85— 925+ 6g, + 12g3 (4.4)
1

8,g4=ﬁ(72f1g3+48g4+72g§—12g3~88f1g4—72ffg3

—32g5—264g, 85— 144f, g3) — 12g,+ 16f, g, + 8¢5+ 482, 2, (4.5)
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1
8,g5=E(120f1 g4+ 75g5+360g, g5 — 20g, — 1401, g5—240g3—720f1 8283

— 12077 g4 —420g3 — 560g, g4 — 50gs) — 15¢5
+ 20f; g5 + 60g3 + 80g, g4 + 10g, (4.6)

For m= N the coefficient multiplying g,,, , vanishes, so that the complete
set of equations is closed in a natural manner, similar to the original
BBGKY hierarchy (3.7). The structure of these equations for the correla-
tions is more complicated, however, since they are nonlinear. They can
only be integrated numerically.

5. EQUILIBRIUM STATES OF THE MODEL

We first take a look at the distribution functions. To obtain the fixed
points we set f,, =0 in Eq. (3.7). As fy = const, this leaves a linear system
of N—1 nontrivial equations for the N equilibrium distributions. The
explicit equilibrium solutions

_@" -y fi-@" -1
= St

I (5.1)

span a one-dimensional subspace. There exists an N-tuple of functions
{fm|1<m< N}, where the f,,., depend linearly on f;. The equilibrium
states are therefore lying on a straight line in the space of the {f,,}, which
is shown as the dashed line in Fig. 1 for the case N =3. They can be labeled

Fig. 1. The unit cube spanned by {f}, /3, f3}. The p-allowed region forms the solid prism
within the cube. The equilibrium states lie on the dashed line within the prism.
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according to the value of f;. With the help of Eq. (3.4), we can calculate the
remaining distribution functions,

fm(kl):%;—fill, ke{l,.,m} (5.2)

Comparing Eqgs. (5.2) and (5.1) shows that for f,=1/2 one has a
microcanonical ensemble, each state being occupied with the same
probability.

Since Egs. (4.2)-(4.6) are nonlinear, we cannot describe the equi-
librium state in terms of the correlations as simply. Solving these equations,
we also obtain a one-dimensional solution in form of a curve in the
N-dimensional space of correlations. The equilibrium state is now described
by a polynomial in {f}, g,,} which is implicitly given by

3 1
gzzifl_‘z‘_ff (5.3)
dgm—l
= , Igsm<Ss 54
gm g2 df1 m ( )

The projections of this polynomial into the fi—g,, planes are shown in
Fig. 2.

T T T T

5 T h T T T rf1 0

Fig. 2. Projection of the curve of fixed points in N-dimensional space onto each f;—g,, plane
for m=2, 3, 4.
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6. PROBABILISTIC SUBSPACE

As a probability distribution each f,, must fulfill 0< f,, <1, ie., the
{f»} lie in a hypercube. The N+1 distribution function f,(k|) for
0 <k <m and fixed m also can take only values from 0 to 1. This leads to
a further restriction for the reduced distributions f,,, as can be seen by
taking a closer look at the reduction (3.4),

Folkl)+ folk+ 1) 1] =f y(kl),  ke{0,1,..m—1} (6.1)
This gives m conditions and since all f,,(k|) are nonnegative, the
inequalities

Snlkl) < J1(k]) (6.2)

must hold. These conditions can be expressed in terms of reduced distribu-
tions {f,,}, where all arguments are + 1

(—4)Eﬁn<'21(—1)f<k;'1)f;lk+j with ke {0, 1., m—1}  (6.3)

This formula yields N! conditions, since we have to vary m from 2 to N and
also k from 0 to m — 1. We regard, for instance, the case N =2, m=2:

k=0 fa<fi
k=1:  f£,320—1

which describes a triangle in {f}, f>} space. For N=3 we have, in addi-
tion, to consider m = 3; this yields

k=0 fi<hh
k=1 f322-/ (6.5)
k=2 f3<1-3/1+3f,

Now the subspace of the unit cube spanned by {f}, f>, f3} in which all the
relations (6.5) and (6.4) hold is the prism shown in Fig. 1 and the triangle
corresponding to (6.4) alone is the projection of the prism on the {f;, 5}
plane. Similarly, an expansion to N =4 yields only further conditions
between f,(k}) and f5(k]), so the prism of Fig. 1 is the projection of a
higher dimensional prism to three dimensions, and so on. With the help of
relations (6.3) we have thus explicitly constructed a subspace within the
hypercube spanned by the {f,} in which a probabilistic interpretation of
the theory is ensured. We will call that subspace the p-allowed region. The
prisms in {f,,} space translate into regions of rather complicated shape in
the space of correlations { f;, g,.}, because of the nonlinear equations (4.1).

(6.4)
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7. TRUNCATION OF THE HIERARCHY FOR THE
CORRELATIONS

In general the many-body problem cannot be solved exactly and one
has to truncate the BBGKY hierarchy at some level. In this section, we
investigate the consequences of a truncation of Egs. (4.2)-(4.6) for the
McKean model on the nth level by setting g,,,(¢1)=0. The first n
equations with 1 <m < n form a closed set. In the simplest approximation
one neglects all two-particle correlations g,(¢#)=0 and obtains

1
6uf; = Q~4yyr4—yb (.1)

This equation has an attractive fixed point for f; =1/2 and a repulsive one
for f, = 1. Its solution is

qell/v—1x

1 .
f‘([):i[”l—a(l—e“mW)] with a=2f,(t=0)—1 (7.2)

ie., the system reaches equilibrium faster for a larger number of particles
N. On the next level n =2, we set g;=0 and the remaining equations are
now

aﬁ<34%%—v%%kg (7.3)

tgz—"(6f2'“4f3 2f1 —20f, g, +12g,) — 68, + 8f, &> (74)

These equations have in addition to the fixed points (f;, g,) =(1/2,0) and
(1, 0) another one at (3/4, 1/16). We linearize Eqgs. (7.3) and (7.4) about
these fixed points, make an exponential ansatz ccexp At for the solutions,
and obtain the eigenvalues

1y 9 30 65\
A:EL(3—X’) (1—N+N> } at (1,0) (7.5)
ﬂ_1~ 3 6 7 1/2 1
A—'2— L(']‘\—]—_;) (1 +N N ) :l at (5, O) (76)
i 3 12 17\ 31
=3l wE (‘“TN*) ] ‘“(Z’TE) o7

Inspection shows that the fixed point (1/2, 0) is attractive for all particle
numbers, while (3/4, 1/16) is a saddle point and (1, 0) is repulsive with
complex eigenvalues for 2 < N < 28.
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In general, we have different sets of fixed points at each level n of
truncation, which is a consequence of setting g, . () =0. We have seen in
Section 5 that the exact equilibrium solution of the McKean model is a
one-dimensional curve in the N-dimensional space {f}, g,.}, which could
also be labeled by choosing g, . ;(#) =const as a parameter. Truncation in
the nth level is achieved by setting this constant equal to zero. Therefore,
the fixed points appearing at each truncation level n can be read off Fig. 2;
they coincide with the zeros of g, .. In particular, the attractive fixed
point (1/2,0) and the repulsive fixed point (1,0) occur at each level of
truncation.

8. TIME EVOLUTION OF THE ENTROPY

The existence of saddle points poses a problem, since the truncated
subdynamics may lead to unphysical trajectories: The case N — oo is
uncritical, as all saddle points already lie outside the p-allowed region for
the correlations.® For finite N, however, some saddle points will lie in this
region as it broadens, with a decreasing number of particles. In the case
N =3, for example, the p-allowed region is sufficiently large to contain the
saddle point (3/4, 1/16). Trajectories which start in the p-allowed region
outside the basin of the attractive fixed point (1/2, 0), will eventually leave
the p-allowed region during the course of the dynamic evolution of the
system. The admissible initial conditions must therefore be restricted
further. For that purpose we study the entropy of the McKean model,
which is given by!”

S=illn@Q (8.1)
with the Liapunov function
N
o= 3 Pty (82)
o<ken \K
so that
: » N .
S=—Q > ( >fN(kl)fN(kl) (83)
Ok N k

For N =3 one has explicitly
S= Q7' fs /343 A1)+ 321 /521 +£31) /(1)1 (84)

Next, we expand the three-particle distribution functions into clusters and
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neglect the three-particle correlations g;. The sign of the entropy produc-
tion is
sgn S = —sgn{(fT+3/18)3/1 /i +3/18:+3/1 &)

+30 0 - f1) = 31— 1) g2]

X [2f1f1(1 —fl)_f%f1_3f1 22— 316+ 8]

+3(fi+/1-2f1+3f1 8.~ 22,)

< (fi+3ff1 =4 i+ 3f1 82+ 3f1 8, - 282)

(=3 +31—f1+32,—3/185)

X [=3i(1= 1) +38,—3f1 &, - 31 8,1} (8.5)
Substituting f, and g, from hierarchy equations (4.2) and (4.3), one finds
that this equation yields a curve in the (f}, g,) plane that separates a
region >0 which is allowed with respect to the entropy production from
a forbidden region with §'< 0. In Fig. 3 this S-allowed region lies left of the
dashed curve, while the p-allowed region lies within the solid curves. We

show that the saddle point lies on the dashed curve and that it is not an
isolated point with §=0 [such as (1/2,0)]. For that purpose we prove

0 5 f, 10

Fig. 3. The p-allowed (diamondlike area within the solid lines) and the s-allowed (left of the
dashed line) regions for a truncated [ g4(7)=0] system of three particles.
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that in every ecircle around (3/4, 1/16) there are points with S>0 and
S < 0. We consider the curve

8=3/i—3— 11 (8.6)
on which £, vanishes, so that Eq. (8.5) reads
sgn S = —sgn[ £,(132/2 — 12613 + 54f, — 9 — 481 1) ] (8.7)
g, can be expressed with Egs. (4.2) and (8.6) as
S=Hfi—Di-DUi-1) (8.8)

So we have a polynomial of seventh degree in f; for the entropy produc-
tion. Calculating its sign, we find

—1 for 3/4<fi<1
sgnS=< 0 for f,=1/2,3/4,1 (8.9)
1 for O<f,<3/4, f,#12

All trajectories that start within the s-allowed and the p-allowed region
reach the equilibrium fixed point (1/2,0), ie., run within its basin. We
confirmed this also by actual numerical calculations.

9. RELAXATION TIMES OF THE MCKEAN MODEL

It is usually assumed that the truncation of the BBGKY hierarchy for
a general many-body system near the equilibrium is justified, because the
higher correlations decay faster than the one-particle distribution function
toward equilibrium. In the McKean model this assumption has been
proven for infinite particle number N.© In order to investigate finite N, we
linearize Eqgs. (4.2)-(4.6) about the only stable fixed point (1/2,0), which
occurs on every level of truncation. We set therefore

Em=E&, and f1:%+81: m>2

Since we expand the correlations about zero, all terms of the cluster
expansion®®) with more than one correlation vanish, and only products of
the ¢,, with 1/2 remain. The expansion can be given as a closed formula,
which we call the linear cluster expansion:

fm=i_<njl>2ii8m7,', 30:21 (91)

i=0
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We show in the Appendix that we obtain a new linear hierarchy for the
reduced correlations ¢,, by substituting Eq.(9.1) into the BBGKY
hierarchy (3.7) and, by induction,

o omm—1) m 2m?*
b= e (et (= s 02

We solve these equations with ¢, =exp 4,7, which yields a secular equa-
tion for the eigenvalues 4,, that we expand to first order in terms of 1/N.
The rank of the eigenvalue equations is the level of truncation n. We obtain
for the eigenvalues 17,

MH=3/N—1
) (9.3)
Ayl= -2
for n=2 and
AP =3/N—1
AP =12/N-2
1) = —9/N—-3

for n=3.

Increasing the truncation level changes the second eigenvalue 2, and,
of course, yields a third one 2;. This regularity occurs at every level of
truncation. We show in the Appendix that the general formula for the
eigenvalues is

3m
MM =m|{——1 9.4
: ’”<N ) (9:4)
for l<m<n—1 and
3 2n2
2= -2 .
N A ©:3)

for m=n.

These formulas indicate an asymptotic convergence in the sense that
truncation at a given level » introduces errors which decrease as N — oo.
For the relaxation times we must take a look at the complete solution of
Eq. (9.2),

W'=Y Wexp(AMr)x (9.6)
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where the ¢ are expansion coefficients determined by the initial state and
x!" are the eigenvectors. With the help of Egs. (9.4), (9.5), one finds by
inspection of Eq. (9.2) that the first m components of x' are O(1), while
the remaining are O(N~'). Writing out Eq. (9.6) and dropping the super-

script n for simplicity, one has therefore

&4 oy B Y1
ay/N B2
=c, M’ . +c,e® | Bs/N V+ - +c e - 9.7)
Epm &/ N B/N Vm

with all «,,, B, 7., being O(L).

We see that all eigenmodes contribute to each correlation ¢,,, and the
first m—1 modes of the mth correlation are weighted with a factor 1/N.
For finite N it is therefore not generally true that higher correlations decay
faster than the lower ones, as there remain slow components with a small
amplitude.

Finally, we note that the linearized hierarchy of correlations (9.2) is
connected to the original BBGKY hierarchy (3.7) by the linear cluster
expansion (9.1) and other linear operations. In the limit N — oo the eigen-
values of the BBGKY hierarchy for the distribution functions are therefore
also given by Eq. (9.4).

10. CONCLUSIONS

In this paper we addressed some problems associated with the trunca-
tion of evolution equations for reduced densities. We showed that the ther-
modynamic limit of the kinetic theory has to be taken carefully if one
wants to study the time evolution of the entropy including two-particle
correlations. In order to obtain a nonvanishing entropy production, model
assumptions for the three-particle correlations are needed which must
preserve the probability interpretation of the theory for all times. As an
example, we used the McKean model with a finite number of particles. We
derived the complete BBGKY hierarchy of the distribution functions {frm}
for this case, found a one-dimensional equilibrium subspace, and described
the boundaries of the p-allowed region in which a probabilistic interpreta-
tion of the theory is possible. The correlation functions {f;, g,,>2} were
introduced with the help of the cluster expansion in order to study the
effects of truncation on the nth level by setting g, ,=0. As a consequence
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of the truncation, there appear saddle points which may lie within the p-
allowed region of the {f|, g, <.} space. There exist therefore trajectories
which leave this region during the time evolution of the system. In order
to identify the physically allowed basin of the attractive fixed point
(fi=1/2, g,,=0), we study the entropy production of the system. We
linearized the hierarchy of correlations about this fixed point, studied
truncation effects, and showed in particular that the m-particle correlations
g, include slowly decaying components of amplitude O(1/N). We hope
that these results might stimulate similar investigations for more general
models.

APPENDIX A

We want to show by induction that Eq. (9.2),

= mm—1) + T om)e, + 2mw2£2— &
Em = IN Em—1 N m m N m+ 1

can be obtained from the BBGKY hierarchy (3.7),

2

, m
fn1:<ﬁ—m> (3fm_fmﬁi—2fm+l)
by using a linear cluster expansion (9.1):
0" "=t rm 1
R ORPAWEES
To obtain the first relation we set m=1:

f=(3-1)n-1-27)

1 3 1
= N—l 5-{*381—1—5—"281—282

1
=<N~ 1) (&) — 2,)

Next we calculate the mth equation with the induction assumption that
€,_;(i>0) is of the form (9.2). First we eliminate all distributions by
substituting them with the help of Eq. (9.1),
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gm=<”_”_2_m> o Sonr = Ye) = 3 ("f)zism

N i=0
L I B VI
S\ T m T i—o \1

3 1 m—1

x?‘gm 1+38m_2_mj_5m_71-81

m=3 m—1\ 1 2

‘2( i >?8mi“_8"“_5ﬁﬁ

2m+2 s m+ 1N 2
e 81‘i;1< i >2_igm-[+l_28m+l:|

(i) e 5 ()

2[ 2N m—i—1 N m l
_2m* 4+ 2% —dmi

In the next step we change the summation indices and add all constant
terms,

s - 3
L | S [(”") ;

i1 )2 2 Ml e
m*+m 1
— 4 &m } m= 1282<N 1> 8"” i
) N\ 1 fm—i +>+< ) 1 z—l—2zm+m+m
— —m+i
i 12\ N i—1)271 2N

LAV B PR 2_2m2+2i2+4i+2—4mi—4m
i+1)277 " N

- 2424
_ﬂ(’”___er1>8m_1_f”2—(2m—2~21+—2——'fsm)

2\ N N
m(m—1) 2m*—8m + 8 m(m—1) (2
__*8—-<2m—4‘_"—_]v_—>8m—1__—2—m-1‘<—]\7_2) &

_mlm—1)m—2)

Nomoz o
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Now we collect all correlations that stand out of the sums and the factor
1/27 out of the brackets,

m? 5 m?
=<—]\7—m><(—m+2) 8m+(zm——4——1> 8m71-28m+|

AL ) e

N m \iZ—i—2im+m+m?
] N

[,
R

m/m—1 . miy 2m?+2—4m .
_—— —_— 8 —_—— J— . ————————— e
2\TN N N "

u— 2__
_m(m8 1)<2m*4_2m 8m+8>8m1

In order to combine the sums, we have to rearrange the binomial

coefficients

Cim—i)+im =i (m—i)’+(m—i)(2i+1~2m)
m—it )N G+ DN ]
m3+m—2m2>_8 [mz—m

. m{m—1) m 2m?
bn=— Gt g e 2m = e
QED

822/57/1-2-19
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APPENDIX B

We calculate the eigenvalues A!” of the determinant |4 where the
matrix A" consists of the coefficients of Eq. (9.2) minus A'"E, with the
unit matrix E. We expand the determinant |4 with respect to its last two
rows

|A(n)‘ :<%—I’l—;v(n)> |A(n71)| _ (nzN )[2(n ) 2(”]—\‘71)2] |A(n—2)l

The induction assumption is now that the eigenvalues of the subdeter-
minants 4"~ Y| and |4 ~%)| differ only in the 1/N correction of the eigen-
values " and 2"~ Factorizing the subdeterminants, respectively, one
obtains

n—73
\A‘")|:[%~n—l(")}[n (zgg‘u—z("))} (AP0 — A)y(20 b — fom)
m=1

nn—1)["=3 ] _
_ [T (22— 20y [ (=2 — g
N l:m:l( m ) ( n—2 )

Here the 1/N? factor of the second term has already been neglected. The
critical point now is that the difference between 1" " and 2", can be
neglected in the expansion up to first order of 1/N. Therefore we can write

iA(n)| — l:nnz (MZ—I) l(n)j”:<ﬁ_n /1(")> ('1;":11) hi(n)) _n(n]-\—ll) :l

m=1

For the last factor we obtain the desired two eigenvalues 27", and A7
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